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Abstract
In this paper, we study the problem of federated learning (FL) over a wireless channel, modeled by
a Gaussian multiple access channel (MAC), subject to local differential privacy (LDP) constraints. We
show that the superposition nature of the wireless channel provides a dual benefit of bandwidth efficient
gradient aggregation, in conjunction with strong LDP guarantees for the users. We propose a private
wireless gradient aggregation scheme, which shows that when aggregating gradients from K users, the
privacy leakage per user scales as O
(
1√
K
)
compared to orthogonal transmission in which the privacy
leakage scales as a constant. We also present analysis for the convergence rate of the proposed private
FL aggregation algorithm and study the tradeoffs between wireless resources, convergence, and privacy.
1 Introduction
Federated learning (FL) [1] is a framework that enables multiple users to jointly train a learning model.
In prototypical FL, a central server interacts with multiple users to train a ML model in an iterative manner
as follows: users compute gradients for the ML model on their local data sets, and gradients are subse-
quently exchanged for model updates. There are several motivating factors behind the surging popularity of
FL: a) centralized approaches can be inefficient in terms of storage/computation, and FL provides natural
parallelization for training, and can leverage increasing computational power of devices and b) local data at
each user is never shared, but only gradient computations from each user are collected. Despite the fact that
in F-ML, local data is never shared by a user, even exchanging gradients in a raw form can leak information,
as shown in recent works [2–4].
Motivated by these factors, there has been a recent surge in designing F-ML algorithms with rigorous
privacy guarantees. Differential privacy (DP) [5] has been adopted a de facto standard notion for private data
analysis and aggregation. Within the context of FL, the notion of local differential privacy (LDP) is more
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suitable in which a user can locally perturb and disclose the data to an untrusted data curator/aggregator [6].
LDP has been already adopted and used in current applications, including Google’s RAPPOR [7] for website
browsing history aggregation, and by Microsoft for privately collecting telemetry data [8]. In the literature,
there has been several research efforts to design FL algorithms satisfying LDP [9–15]. While LDP provides
stronger privacy guarantees (compared to a centralized solution), this comes at the cost of lower utility. In
particular, to achieve the same level of privacy attained by a centralized solution, significant higher amount
of noise/perturbation is needed [16–20].
Another parallel recent trend is to study the feasibility of FL over wireless channels. As the prototypical
computation for FL training involves gradient aggregation from multiple users, the superposition property
of the wireless channel can naturally support this operation much more efficiently. This has led to several
recent works [21–31] under the umbrella of FL at the wireless edge, where distributed users interact with
a parameter server (PS) over a shared wireless medium for training ML models. Several methodologies
have been proposed to study wireless FL, which can be broadly categorized into either digital or analog
aggregation schemes. In digital schemes, quantized gradients from each user are individually transmitted to
the PS using orthogonal transmission. For analog schemes, on the other hand, the gradient computations are
rescaled and transmitted directly over the air by all users simultaneously. The superposition nature of the
wireless medium makes analog schemes more bandwidth efficient compared to digital ones.
In this paper, we focus on the following question: Can the superposition property of wireless also be
beneficial for privacy? If yes, how can we optimally utilize the wireless resources, and what are the tradeoffs
between convergence of F-ML training, wireless resources and privacy?
Main Contributions: In this paper, we consider the problem of FL training over a flat-fading Gaussian
multiple access channel (MAC), subject to LDP constraints. We propose and study analog aggregation
schemes, in which each user transmits a linear combination of a) local gradients and b) artificial Gaussian
noise, subject to power constraints. The local gradients are processed as a function of the channel gains
to align the resulting gradients at the PS, whereas the artificial noise parameters are selected to satisfy the
privacy constraints. We show that the privacy level per user scales as O
(
1√
K
)
compared to orthogonal
transmission in which the privacy leakage scales as a constant. We also provide the privacy-convergence
trade-offs for smooth and convex loss functions through convergence analysis of the distributed gradient
descent algorithm. We show that the training error decreases as the number of users increases and converges
to the centralized algorithm where all points are available at the PS. To the best of our knowledge, this is the
first result on wireless FL with LDP constraints.
2 System Model & Problem Statement
Wireless Channel Model: We consider a single-antenna wireless FL system with K users and a central PS
as shown in Fig. 1. The input-output relationship at time i is
y(i) =
K∑
k=1
hkxk(i) +m(i), (1)
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Figure 1: Illustration of the private wireless FL framework: Users collaborate with the PS to jointly train a
machine learning model over a Gaussian MAC. The interaction between the users and the PS must satisfy
local differential privacy (LDP) constraints for each user.
where xk(i) is the signal transmitted by user k at time i, and y(i) is the received signal at the PS. Here,
hk = |hk|ejφk is the complex valued channel coefficient between the k-th user and the PS, and and m(i)
is the independent additive zero-mean unit-variance (AWGN) Gaussian noise. The channel coefficients are
assume to be time invariant, and each user can transmit subject to maximum power constraint of Pk. Each
user is assumed to know its local channel gains, whereas we assume that the PS has global channel state
information.
Federated Learning Problem: Each user k has a private local dataset Dk of size |Dk| data points, denoted
as Dk = {(u(k)i , v(k)i )}|Dk|i=1 , where u(k)i is the i-th data point and v(k)i is the corresponding label at user k.
Users communicate with the PS through the Gaussian MAC described above in order to train a model by
minimizing the loss function F (w), i.e.,
w∗ = arg min
w
F (w) , 1|Dtotal|
K∑
k=1
|Dk|∑
i=1
fk((u
(k)
i , v
(k)
i );w),
where w ∈ Rd is the parameter vector to be optimized, fk(·) is the loss function for user k, and Dtotal =
∪Kk=1Dk denotes the entire dataset used for training. The minimization of F (w) is carried out iteratively
through a distributed gradient descent (GD) algorithm. More specifically, in the t-th training iteration, the
PS broadcasts the global parameter vector wt from the last iteration to all users. Each user k computes his
local gradient over the local |Dk| data points, i.e., gk(wt) = 1|Dk|
∑|Dk|
i=1 ∇fk((u(k)i , v(k)i );w) and sends
back the computed gradient to the PS. For the scope of this paper, we assume that |Dk| = |D|, therefore
|Dtotal| = K|D|. The global parameter wt is updated according to
wt+1 = wt − ηt 1
K
K∑
k=1
gk(wt), (2)
where ηt is the learning rate of the distributed GD algorithm at iteration t. The iteration process continues
until convergence.
In addition, the gradient descent (GD) algorithm for wireless FL should also satisfy local differential
privacy (LDP) constraints for each user, as defined next.
3
Definition 1. ((, δ)-LDP [32]) A randomized mechanism M : X → Rd is (, δ)-LDP if for any pair
x, x′ ∈ X and any measurable subset O ⊆ Range(M), we have
Pr(M(x) ∈ O) ≤ e Pr(M(x′) ∈ O) + δ. (3)
The case of δ = 0 is called pure -LDP.
Problem Statement. The main goal of this paper is to explore the benefits of wireless gradient aggregation
for privacy in FL. In addition, we investigate tradeoffs between the convergence rate of GD, wireless channel
conditions and resources (such as power, SNR), subject to the privacy budgets of the users.
3 Main Results & Discussions
In this Section, we present a general gradient aggregation scheme for wireless FL, where each user
transmits a linear combination of its local gradients and artificial noise. We then specialize this scheme
in which the part of transmission containing gradients are designed in a manner so that this component
is aligned at the PS. We analyze this scheme and obtain the privacy leakage under LDP for each user, as
a function of the wireless channel conditions, and the transmission parameters. Finally, we present the
convergence rate of the private FL algorithm, and maximize the convergence rate by optimizing the local
perturbations of each user for privacy.
3.1 FL Transmission Scheme over Gaussian MAC
The overall FL scheme consists of T training iterations, where each iteration comprises of d uses of the
wireless channel described in (1). At each iteration t, each user k transmits the computed gradient vector
gk(wt) ∈ Rd together with additive Gaussian noise for privacy. In particular, the transmitted signal of user
k at iteration t is given as:
xk,t = e
−jφk
 √αkPkL gk(wt)︸ ︷︷ ︸
local gradient estimate
+
√
βkPknk,t︸ ︷︷ ︸
local perturbation
 (4)
Here, each user k performs local phase correction (i.e., input is multiplied by e−jφk ) so that the received
channel coefficient is non-negative, i.e., |hk|. We assume that the gradient vectors have a bounded norm,
i.e., ‖gk(wt)‖2 ≤ L,∀k, and normalize the gradient vector by L. Here, αk ∈ [0, 1] denotes the fraction of
power dedicated to the gradient vector gk(wt), whereas βk ∈ [0, 1−αk] is the fraction of power dedicated to
artificial Gaussian noise nk,t, whose elements are i.i.d., and drawn from N (0, 1). These parameters satisfy
αk + βk ≤ 1 so that the maximum power constraint of Pk is satisfied. From (1) and (4), the received signal
at the PS can be written as:
yt =
K∑
k=1
|hk|
[√
αkPk
L
gk(wt) +
√
βkPknk,t
]
+mt
4
=
K∑
k=1
|hk|
√
αkPk
L
gk(wt)︸ ︷︷ ︸
aggregated gradient at PS
+
K∑
k=1
|hk|
√
βkPknk,t +mt︸ ︷︷ ︸
aggregated noise at PS
, (5)
where mt ∈ Rd is the independent Gaussian noise, whose elements are i.i.d. drawn from N (0, σ2m). In
order to carry out the summation of the local gradients over-the-air, and receive an unbiased estimate of the
true aggregated gradient, all users pick the coefficients αks in order to align their transmitted local gradient
estimates. Specifically, user k picks αk so that
|hk|
√
αkPk
L
= c,∀k, (6)
where c is a constant. From (6), we obtain αk = c
2L2
|hk|2Pk , and using the fact that αk ≤ 1, for all k, we can
upper bound the constant c as follows: c ≤
√
minj |hj |2Pj
L . To maximize the signal power of the aligned
gradient, we choose c to match this upper bound, i.e.,
c =
√
minj |hj |2Pj
L
. (7)
Plugging this back in (6), we obtain the choice of αk as
αk =
minj |hj |2Pj
|hk|2Pk . (8)
The above choice shows that alignment of gradients is effectively limited by the user with the worst effective
SNR, i.e., minj |hj |2Pj . For the alignment scheme described above, the received signal by the PS in iteration
t in (5) simplifies to:
yt = c
K∑
k=1
gk(wt) +
K∑
k=1
|hk|
√
βkPknk,t +mt. (9)
The PS subsequently performs post-processing on yt as follows:
gˆt =
1
Kc
× yt
=
1
K
K∑
k=1
gk(wt)︸ ︷︷ ︸
∇F (wt)
+
1
Kc
×
[
K∑
k=1
|hk|
√
βkPknk,t +mt
]
︸ ︷︷ ︸
zt
, (10)
where zt ∼ N (0, σ2zId) is the effective noise at the PS, and σ2z = 1K2c2
[∑K
k=1 |hk|2βkPk + σ2m
]
. Thus, we
can write gˆt = ∇F (wt) + zt. As zt is zero mean, gˆt is an unbiased estimate of ∇F (wt), with variance of
gˆt being equal to σ2z .
5
3.2 Local Differential Privacy Analysis
We next analyze the privacy level achieved by the transmission scheme for each user, as per the definition
of LDP. Recall, that the local perturbation noise is drawn from Gaussian distribution. This well-known
technique is known as Gaussian mechanism and can provide rigorous privacy guarantees based on LDP, as
defined next.
Definition 2. (Gaussian Mechanism - Appendix A of [32]) Suppose a user wants to release a function f(X)
of an input X subject to (, δ)-LDP. The Gaussian release mechanism is defined as:
M(X) , f(X) +N (0, σ2I). (11)
If the sensitivity of the function is bounded by ∆f , i.e., ‖f(x)−f(x′)‖2 ≤ ∆f , ∀x, x′, then for any δ ∈ (0, 1],
Gaussian mechanism satisfies (, δ)-LDP, where
 =
∆f
σ
√
2 log
1.25
δ
. (12)
In the next Theorem, we make use of the above result, and present the per-user privacy achieved by
the proposed wireless FL scheme as a function of the noise power allocation parameters {βk}Kk=1, transmit
powers {Pk}Kk=1, and the channel coefficients {hk}Kk=1.
Theorem 1. For each user k, the proposed transmission scheme achieves (k, δ)-LDP per iteration, where
k =
2
√
minj |hj |2Pj√∑K
k=1 |hk|2βkPk + σ2m
√
2 log
1.25
δ
. (13)
Proof. The final received signal at the PS from (9) can be expressed as: yt = c
∑K
k=1 gk(wt) +Kczt. We
first observe that the variance of the effective Gaussian noise, i.e., variance ofKczt is σ2 =
∑K
k=1 |hk|2βkPk
+σ2m. In order to invoke the result of the Gaussian mechanism, we next obtain a bound on the sensitivity for
user k. To bound the local sensitivity of c
∑K
k=1 gk(wt), consider any two different local datasets Dk and
D′k at user k, while fixing the datasets (and thus the gradients) of the remaining (K − 1) users. The local
sensitivity of user k can then be bounded as
∆k = maxDk,D′k
||yt − y′t||2 = maxDk,D′k
||c(gk(wt)− g′k(wt))||2
≤ c max
Dk,D′k
||gk(wt)||2 + ||g′k(wt)||2
(a)
≤ 2cL
(b)
= 2
√
min
j
|hj |2Pj , (14)
where in step (a), we used the fact that ‖gk(wt)‖2 ≤ L,∀k, and (b) follows from (7). Hence, using the
sensitivity bound in (14) together with the variance σ2 =
∑K
k=1 |hk|2βkPk + σ2m in (12), we arrive at the
proof of Theorem 1.
6
Privacy Scaling as a function of K
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Figure 2: Total per-user privacy leakage as a function of K, number of users for different values of T , the
number of training iterations.
Remark 1. From Theorem 1, we can observe the privacy benefits of wireless gradient aggregation. We can
further upper bound the achievable k in Theorem 1 as follows:
k =
2
√
minj |hj |2Pj√∑K
k=1 |hk|2βkPk + σ2m
√
2 log
1.25
δ
≤ 2
√
minj |hj |2Pj√∑K
k=1 |hk|2βkPk
√
2 log
1.25
δ
≤ 1√
K
× 2
√
minj |hj |2Pj√
mink |hk|2βkPk
√
2 log
1.25
δ
,
which shows that asymptotically, the per-user privacy level behaves like O(1/√K). In contrast, privacy
achieved by orthogonal transmission can be shown to be:
Orthogonalk =
2|hk|
√
αkPk√|hk|2βkPk + σ2m
√
2 log
1.25
δ
, (15)
which scales as a constant, and does not decay with K.
Remark 2. While Theorem 1 shows the per-iteration leakage, we can use advanced composition results for
LDP using the Gaussian mechanism to obtain the total privacy leakage when the wireless FL algorithm is
used for T iterations. Using existing results in [33], it can be readily shown that the total leakage over T
iterations (per-user) of the proposed scheme is ((T )k , T δ + δ
′
)-LDP for δ
′ ∈ (0, 1] where,

(T )
k =
√
2T log(1/δ′)k + Tk(e
k − 1). (16)
We illustrate the total per-user privacy leakage as a function of K, the number of users in Fig. 2 for various
values of T . As is clearly evident, the leakage provided by wireless FL goes asymptotically to 0 as K →∞.
7
3.3 Convergence rate of private FL
We next analyze the performance of private wireless FL under the assumption that the global loss func-
tion F (w) is smooth and strongly convex. Due to privacy requirements and noisy nature of wireless channel,
the convergence rate is penalized as shown in the following Theorem.
Theorem 2. Suppose the loss function F is λ-strongly convex and µ-smooth with respect to w∗. Then, for
a learning rate ηt = 1/λt and a number of iterations T , the convergence rate of the private wireless FL
algorithm is
E [F (wT )]− F (w∗) ≤ 2µ
λ2T
×
[
L2 +
d
K2c2
[
K∑
k=1
|hk|2βkPk + σ2m
]]
. (17)
Theorem 2 is proved in Appendix I. We next show that artificial noise parameters {βk}Kk=1 can be
optimized to maximize the convergence rate in (17) while satisfying a desired privacy level (k, δ)-LDP at
each user.
Theorem 3. The optimized convergence rate of the private wireless FL algorithm is given as follows:
E [F (wT )]− F (w∗) ≤ 2µ
λ2T
×
[
L2 +
d
K2c2
[
K∑
k=1
Zk + σ
2
m
]]
, (18)
where Zk = min
[
λk, (Ψ−
∑k−1
i=1 Ui)
+
]
where (a)+ , max(0, a), λk = |hk|2Pk(1− αk),
Ψ = maxi
8minj |hj |2Pj
2i
log 1.25δ − σ2m, and Ui = |hi|2Piβi.
Proof. Maximizing the convergence rate in (17) is equivalent to minimizing the term that depends on
{βk}Kk=1. Therefore, we solve the following optimization problem:
min
{βi}Kk=1
K∑
k=1
|hk|2βkPk such that 0 ≤ βk ≤ 1− αk,∀k,
&
K∑
k=1
|hk|2βkPk ≥ 8 minj |hj |
2Pj
2k
log
1.25
δ
− σ2m.
For given target privacy levels {k}Kk=1, this is feasible when
K∑
k=1
|hk|2Pk(1− αk)︸ ︷︷ ︸
λk
≥ max
i
8 minj |hj |2Pj
2i
log
1.25
δ
− σ2m.
We design βk,∀k as follows:
βk =
Zk
|hk|2Pk , k = 1, · · · ,K. (19)
where Zk = min
[
λk, (Ψ−
∑k−1
i=1 Ui)
+
]
, k = 1, · · · ,K, Ψ = maxi 8minj |hj |
2Pj
2i
log 1.25δ − σ2m, and
Ui = |hi|2βiPi. As seen in Fig. 3, we first rank the left-over powers from the users after aligning the
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Figure 3: An example for the iterative solution: Z1 + Z2 + Z3 ≥ Ψ, Zk = 0, k = 4, · · · ,K.
gradients, i.e., {λk}Kk=1 in an ascending order. We then allocate the powers Zk such that a subset of users S
satisfies
∑S
k=1 Zk ≥ ψ, S ≤ K, to satisfy privacy constraints. This completes the proof of Theorem 3.
4 Simulation Results
In this Section, we provide some simulation results to assess the performance of private wireless FL
model. We consider a linear regression task on a synthetic dataset. The regularized loss function at the kth
user is given as:
fk(w) =
1
|Dk|
|Dk|∑
i=1
(wTu
(k)
i − v(k)i )2 +
λ
2
‖w‖2. (20)
Our synthetic dataset consists of 3000 i.i.d. samples drawn from N (0, Id+1), where u(k)i ∈ Rd, v(k)i ∈ R
and d = 30. We assume that each user has |Dk| = 20 data points. For the GD algorithm, the regularization
parameter λ is 10−3 and T = 1000 training iterations. The channel coefficients are drawn from CN (0, 1),
and the channel noise variance is set to σ2m = 1. Also, we assume that each user requires the same privacy
level (, δ) = (1.2, 10−4)-LDP.
In Fig. 4(a), we show the impact of the number of users on the training loss for Pk = 30 dBm for all k.
As we increase the number of users, the training loss decays faster with T . In Fig. 4(b), we compare with
the private orthogonal scheme for KT2 = T1 = T iterations and Pk = 30 dBm for all k. Interestingly, the
non-orthogonal scheme is more efficient in terms of the bandwidth and accuracy. In Fig. 4(c), we show the
impact of the transmit power on the training loss where the error decays faster with T as we increase the
transmit power.
5 Conclusion & Future Directions
We studied the problem of wireless federated learning subject to local differential privacy (LDP) con-
straints. We showed that the wireless channel provides a dual benefit of bandwidth efficiency together with
strong LDP guarantees. Using the proposed wireless aggregation scheme, privacy leakage was shown to
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<latexit sha1_base64="nF5VmQwSGYnXKXi+ykdHNWiC2tI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAs YXYymwyZnV1meoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIoVB1/1yCkvLK6trxfXSxubW9k55d69p4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxjdTP3WI9dGxOoBxwn3IzpQIhSMopXuL1y3V664VXcG8pd4OalAjnqv/NntxyyNuEImqTEdz03Qz6hGwSSflL qp4QllIzrgHUsVjbjxs9mpE3JklT4JY21LIZmpPycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZ/k36QnOGcmwJZVrYWwkbUk0Z2nRKNgRv8eW/pHlS9U6r53dnldp1HkcRDuAQjsGDS6jBLdShAQwG8AQv8OpI59l5c97nrQUnn9mHX3A+vgFgao01 </latexit>
800
<latexit sha1_base64="LI14eOJLIPLpu+QKWVUiEYGmRFM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6wByDXjxGNA9I ljA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uIJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2L1gJOE+xEdKhEKRtFK9zXX7ZcrbtWdg/wlXk4qkKPRL3/2BjFLI66QSWpM13MT9DOqUTDJp6 VeanhC2ZgOeddSRSNu/Gx+6pScWGVAwljbUkjm6s+JjEbGTKLAdkYUR2bZm4n/ed0Uw5qfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt559fLuolK/zuMowhEcwyl4cAV1uIUGNIHBEJ7gBV4d6Tw7b877orXg5DOH8AvOxzdjdo03 </latexit>
1000
<latexit sha1_base64="OWjJGrIY8r8dZeoa1UBesBKOB6I=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU8n6gR6LXjxWsLbQ LiWbZtvQJLskWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8MBHcWIy/vdLK6tr6RnmzsrW9s7tX3T94NHGqKWvRWMS6ExLDBFesZbkVrJNoRmQoWDsc3+Z++4lpw2P1YCcJCyQZKh5xSmwu+RjjfrWG63gGtEz8gtSgQLNf/eoNYppKpiwVxJiujxMbZERbTgWbVn qpYQmhYzJkXUcVkcwE2ezWKTpxygBFsXalLJqpvycyIo2ZyNB1SmJHZtHLxf+8bmqj6yDjKkktU3S+KEoFsjHKH0cDrhm1YuIIoZq7WxEdEU2odfFUXAj+4svL5PGs7p/XL+8vao2bIo4yHMExnIIPV9CAO2hCCyiM4Ble4c2T3ov37n3MW0teMXMIf+B9/gDHBY1q </latexit>
(b)
<latexit sha1_base64="Mz47q2c4IQaHpjIApwMxqV0gnrc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2HXB3oMe vEY0TwgWcLspJMMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGt1O/+YRK80g+mnGMfkgHkvc5o8ZKD+XgtFssuRV3BrJMvIyUIEOtW/zq9CKWhCg NE1TrtufGxk+pMpwJnBQ6icaYshEdYNtSSUPUfjo7dUJOrNIj/UjZkobM1N8TKQ21HoeB7QypGepFbyr+57UT07/2Uy7jxKBk80X9RBATkenfpMcVMiPGllCmuL2VsCFVlBmbTsGG4C2+vEwaZxXvvHJ5f1Gq3mRx5OEIjqEMHlxBFe6gBnVgMIBne IU3RzgvzrvzMW/NOdnMIfyB8/kDjHSNUg==</latexit>
T1 = KT2
<latexit sha1_base64="egUUvfqWCb0onUDYHjSi54UbkpU=">AAAB+HicbZDLSsNAFIZPvNZ6adSlm8EiuCpJVXQjFN0Ibir0Bm0Ik+mkHTqZhJmJUEOfxI0LRdz6KO58G6dtFtr6w8DHf87h nPmDhDOlHefbWlldW9/YLGwVt3d290r2/kFLxakktEliHstOgBXlTNCmZprTTiIpjgJO28HodlpvP1KpWCwaepxQL8IDwUJGsDaWb5cafuZO0DW6R4aqE98uOxVnJrQMbg5lyFX37a9ePyZpRIUmHCvVdZ1EexmWmhFOJ8VeqmiCyQgPaNegwBFVXjY7fIJOjNNHYSzNExrN3N8TGY6UGkeB6YywHqrF2tT8r9ZNdXjlZUwkqaaCzBeFKUc6RtMUUJ9JSjQfG8BEMnMrIkMsMdEmq6IJwV388jK0qh X3rHLxcF6u3eRxFOAIjuEUXLiEGtxBHZpAIIVneIU368l6sd6tj3nripXPHMIfWZ8/1BaR6Q==</latexit>
0
<latexit sha1_base64="gHVLP+6aBYBlKwqQTYmadS9MeuQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0f6DHoxWMC5g HJEmYnvcmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobuq3nlBpHssHM07Qj+hA8pAzaqxUd3ulsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZw Emxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveReWqflmu3uZxFOAYTuAMPLiGKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPe 12Muw==</latexit> 200
<latexit sha1_base64="Ayucr595vHh43/XUJNKtRa3A/Po=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGi/YA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo 3UKDk7URzGgWSt4LR7dRvPXFtRKwecZxwP6IDJULBKFrpoeq6vVLZrbgzkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2anTsipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2hC8xZeXSbNa8c4rl/cX5dpNHkcBjuEEzsCDK6jBHdShAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gBaUo0x</latexit>
400
<latexit sha1_base64="ZIlUOCBbHYs2THU3Nj4T0ya7M5M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRR vokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfc11++WKW3XnIH+Jl5MK5Gj0y5+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiUnVhmQMNa2FJK5+nMio5ExkyiwnRHFkVn2ZuJ/XjfF8MrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll/+S1pnVe+8enFXq9Sv8ziKcATHcAoeXEIdbqEBTWAwhCd4gVdHOs/Om/O+aC04+cwh/ILz8Q1dXo0z</latexit>
600
<latexit sha1_base64="nF5VmQwSGYnXKXi+ykdHNWiC2tI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXYymwyZnV1meoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIoVB1/1yCkvLK6trxfXSxubW9k55d69p4lQz3mCxjHU7oIZLoXg DBUreTjSnUSB5KxjdTP3WI9dGxOoBxwn3IzpQIhSMopXuL1y3V664VXcG8pd4OalAjnqv/NntxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mpE3JklT4JY21LIZmpPycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZ/k36QnOGcmwJZVrYWwkbUk0Z2nRKNgRv8eW/pHlS9U6r53dnldp1HkcRDuAQjsGDS6jBLdShAQwG8AQv8OpI59l5c97nrQUnn9mHX3A+vgFgao01</latexit>
800
<latexit sha1_base64="LI14eOJLIPLpu+QKWVUiEYGmRFM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6wByDXjxGNA9IljA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uIJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC 8iQIl7ySa0yiQvB2Mb2Z++5FrI2L1gJOE+xEdKhEKRtFK9zXX7ZcrbtWdg/wlXk4qkKPRL3/2BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWGVAwljbUkjm6s+JjEbGTKLAdkYUR2bZm4n/ed0Uw5qfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt559fLuolK/zuMowhEcwyl4cAV1uIUGNIHBEJ7gBV4d6Tw7b877orXg5DOH8AvOxzdjdo03</latexit>
1000
<latexit sha1_base64="OWjJGrIY8r8dZeoa1UBesBKOB6I=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU8n6gR6LXjxWsLbQLiWbZtvQJLskWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8MBHcWIy/vdLK6tr6RnmzsrW9s7tX3T94NHGqKWvRWMS6ExLDBFe sZbkVrJNoRmQoWDsc3+Z++4lpw2P1YCcJCyQZKh5xSmwu+RjjfrWG63gGtEz8gtSgQLNf/eoNYppKpiwVxJiujxMbZERbTgWbVnqpYQmhYzJkXUcVkcwE2ezWKTpxygBFsXalLJqpvycyIo2ZyNB1SmJHZtHLxf+8bmqj6yDjKkktU3S+KEoFsjHKH0cDrhm1YuIIoZq7WxEdEU2odfFUXAj+4svL5PGs7p/XL+8vao2bIo4yHMExnIIPV9CAO2hCCyiM4Ble4c2T3ov37n3MW0teMXMIf+B9/gDHBY1q</latexit>
Impact of number of users Orthogonal vs Non-orthogonal Impact of transmit power
More power
<latexit sha1_base64="XkeRhsJ9gIgeWzIjh3Dv4HzBqdQ=">AAAB+nicbVDJSgNBEO1xjXGb6NFLYxA8hRkX9Bj04kWIYBZIQujpVJImPdNDd40xjPkULx4U8eqXePNv7CwHTXxQ8Hiviqp 6QSyFQc/7dpaWV1bX1jMb2c2t7Z1dN7dXMSrRHMpcSaVrATMgRQRlFCihFmtgYSChGvSvx371AbQRKrrHYQzNkHUj0RGcoZVabq6B8IjprdJAYzUAPWq5ea/gTUAXiT8jeTJDqeV+NdqKJyFEyCUzpu57MTZTplFwCaNsIzEQM95nXahbGrEQTDOdnD6iR1Zp047StiKkE/X3RMpCY4ZhYDtDhj0z743F/7x6gp3LZiqiOEGI+HRRJ5EUFR3nQNtCA0c5tIRxLeytlPeYZhxtWlkbgj//8iKpnBT8 08L53Vm+eDWLI0MOyCE5Jj65IEVyQ0qkTDgZkGfySt6cJ+fFeXc+pq1Lzmxmn/yB8/kDw1OUVQ==</latexit>
More users
<latexit sha1_base64="VLOK/9DkX6VCpTeEYiDypLZ6hNA=">AAAB+nicbVDLSgMxFM 3UV62vqS7dBIvgqsz4QJdFN26ECvYB7VAyadqGZpIhuaOWsZ/ixoUibv0Sd/6NaTsLbT0QOJxzbnJzwlhwA5737eSWlldW1/LrhY3Nre0dt7hbNyrRlNWoEko3Q2KY4JLVgINgzVgzE oWCNcLh1cRv3DNtuJJ3MIpZEJG+5D1OCVip4xbbwB4hvVGa4cTY4LjjlryyNwVeJH5GSihDteN+tbuKJhGTQAUxpuV7MQQp0cCpYONC294bEzokfdayVJKImSCdrj7Gh1bp4p7S9kjA U/X3REoiY0ZRaJMRgYGZ9ybif14rgd5FkHIZJ8AknT3USwQGhSc94C7XjIIYWUKo5nZXTAdEEwq2hIItwZ//8iKpH5f9k/LZ7WmpcpnVkUf76AAdIR+dowq6RlVUQxQ9oGf0it6cJ+f FeXc+ZtGck83soT9wPn8AyvWUWg==</latexit>
L
o
ss
<latexit sha1_base64="Yu3PZsrTEcgDQSXF7PEVKao1NMc=">AAAB8nicbVDLSgNBEJyNrxhfUY9eFoPgKez6QI9BLx48RDAP2CxhdtJJhszOLDO9YljyGV48KOLVr/Hm3zhJ9qDRgoaiqpvurigR3KDnfTmFpeWV1bXiemljc2t7p7y71zQq1QwaTAml2xE1ILiEBnIU0E400DgS0IpG11O/9QDacCXvcZxAGNOB5H3OKFop6CA8YnarjJl0yxWv6s3g/iV+TiokR71b/uz0FEtjkMgENSbwvQTDjGrkTMCk1EkNJJSN6AACSyWNwYTZ7OSJe2SVnttX2pZEd6b+nMhobMw4jmxnTHFoFr2p+J8XpNi/DDMukxRBsvmifipcVO70f7fHNTAUY0so09ze6rIh1ZShTalkQ/AXX/5LmidV/7R6fndWqV3lcRTJATkkx8QnF6RGbkidNAgjijyRF/LqoPPsvDnv89aCk8/sk19wPr4B5VCRqQ==</latexit>
T : Number of iterations
<latexit sha1_base64="NQ9 /LP808gCYEl9CZJzjsE0jJWc=">AAACCXicbVC7SgNBFJ31Ge Nr1dJmMBGswq4PFKugjZVEyAuSEGYnd5Mhsw9m7ophSWvjr9 hYKGLrH9j5N04ehSYeGDiccy537vFiKTQ6zre1sLi0vLKaWcu ub2xubds7u1UdJYpDhUcyUnWPaZAihAoKlFCPFbDAk1Dz+tcj v3YPSosoLOMghlbAuqHwBWdopLZNmwgPmObL+Ut6mwQeKBr5V CCocUAP23bOKThj0HniTkmOTFFq21/NTsSTAELkkmndcJ0YWy lTKLiEYbaZaIgZ77MuNAwNWQC6lY4vGdJDo3SoHynzQqRj9f dEygKtB4FnkgHDnp71RuJ/XiNB/6KVijBOEEI+WeQnkmJER7X QjlDAUQ4MYVwJ81fKe0wxbprQWVOCO3vyPKkeF9yTwtndaa54 Na0jQ/bJATkiLjknRXJDSqRCOHkkz+SVvFlP1ov1bn1MogvWd GaP/IH1+QO9sZnB</latexit>
T : Number of iterations
<latexit sha1_base64="NQ9/LP808gCYEl9CZJzjsE0jJWc=">AAACCXicbVC7SgNBFJ31GeNr1dJmMBGswq4PFKugjZVEyA uSEGYnd5Mhsw9m7ophSWvjr9hYKGLrH9j5N04ehSYeGDiccy537vFiKTQ6zre1sLi0vLKaWcuub2xubds7u1UdJYpDhUcyUnWPaZAihAoKlFCPFbDAk1Dz+tcjv3YPSosoLOMghlbAuqHwBWdopLZNmwgPmObL+Ut6mwQeKBr5VCCocUAP23bOKThj0HniTkmOT FFq21/NTsSTAELkkmndcJ0YWylTKLiEYbaZaIgZ77MuNAwNWQC6lY4vGdJDo3SoHynzQqRj9fdEygKtB4FnkgHDnp71RuJ/XiNB/6KVijBOEEI+WeQnkmJER7XQjlDAUQ4MYVwJ81fKe0wxbprQWVOCO3vyPKkeF9yTwtndaa54Na0jQ/bJATkiLjknRXJDSqRC OHkkz+SVvFlP1ov1bn1MogvWdGaP/IH1+QO9sZnB</latexit> T : Number of iterations
<latexit sha1_base64="NQ9/LP808gCYEl9CZJzjsE0jJWc=">AAACCXicbVC7SgNBFJ31GeNr1dJmMBGswq4PFKugjZVEyA uSEGYnd5Mhsw9m7ophSWvjr9hYKGLrH9j5N04ehSYeGDiccy537vFiKTQ6zre1sLi0vLKaWcuub2xubds7u1UdJYpDhUcyUnWPaZAihAoKlFCPFbDAk1Dz+tcjv3YPSosoLOMghlbAuqHwBWdopLZNmwgPmObL+Ut6mwQeKBr5VCCocUAP23bOKThj0HniTkmOT FFq21/NTsSTAELkkmndcJ0YWylTKLiEYbaZaIgZ77MuNAwNWQC6lY4vGdJDo3SoHynzQqRj9fdEygKtB4FnkgHDnp71RuJ/XiNB/6KVijBOEEI+WeQnkmJER7XQjlDAUQ4MYVwJ81fKe0wxbprQWVOCO3vyPKkeF9yTwtndaa54Na0jQ/bJATkiLjknRXJDSqRC OHkkz+SVvFlP1ov1bn1MogvWdGaP/IH1+QO9sZnB</latexit>
Figure 4: Impact of a) number of users, b) orthogonal vs non-orthogonal transmission, and c) transmit power,
on the training loss as a function of iterations. As we see from the figures, as T increases, the variance term
due to the local privacy perturbation and the noisy channel becomes dominant.
scale as O
(
1√
K
)
compared to orthogonal transmission in which the privacy leakage scales as a constant.
We also analyzed and optimized the convergence rate of the proposed private FL training algorithm and
studied the tradeoffs between wireless resources, convergence, and privacy.
There are several interesting directions for future work, such as generalization to multiple-antennas at
the users and the PS. In the proposed scheme, all users align their gradients, which limits the effective SNR
by a user with the worst channel conditions. A possible direction would be to explore generalizations of this
scheme, by selecting and aligning gradients from a smaller subsets of users.
Appendix I: Proof of Theorem 2
To prove the convergence rate of the proposed algorithm, we recall that the gradient estimate at the PS
in (10) satisfies: (a) Unbiasedness, i.e., E [gˆt] = E [∇F (wt)], since the total additive noise is zero mean;
and (b) Bounded second moment, E
[‖gˆt‖22] ≤ G2, which we prove as follows:
E
[‖gˆt‖22] = E [‖∇F (wt) + zt‖22]
= E
[‖∇F (wt)‖22]+ 2E [∇F (wt)T zt]+ E [‖zt‖22]
(a)
= ‖∇F (wt)‖22 + E
[‖zt‖22]
(b)
≤ 1
K2
×
(
K∑
k=1
‖gk(wt)‖2
)2
+ E
[‖zt‖22]
(c)
≤ 1
K2
× (KL)2 + d
K2c2
[
K∑
k=1
|hk|2βkPk + 1
]
≤ L2 + d
K2c2
[
K∑
k=1
|hk|2βkPk + 1
]
, G2 (21)
where (a) follows from the fact that E
[∇F (wt)T zt] = 0, (b) follows from Cauchy-Schwarz inequality,
and (c) from the assumption that ‖gk(wt)‖2 ≤ L, i.e., the Lipschitz constant ∀k. We next invoke standard
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results [34] on convergence of SGD for µ-smooth and λ-strongly convex loss, which states
E [F (wT )]− F (w∗) ≤ 2µG
2
λ2T
. (22)
Plugging G2 from (21) in (22), we arrive at Theorem 2.
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